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FINITENESS PROPERTIES OF LOCAL COHOMOLOGY FOR F -PURE
LOCAL RINGS
LINQUAN MA
Abstract. In this paper, we show that for an F -pure local ring (R,m), all local cohomology
modules Hi
m
(R) have finitely many Frobenius compatible submodules. This answers posi-
tively the open question raised by F. Enescu and M. Hochster in [EH08] (see also [Ene12],
where it was stated as a conjecture when R is Cohen-Macaulay). We also prove that when
(R,m) is excellent and F -pure on the punctured spectrum, all local cohomology modules
Hi
m
(R) have finite length in the category of R-modules with Frobenius action. Finally, we
show that the property that all Hi
m
(R) have finitely many Frobenius compatible submodules
passes to localizations.
1. Introduction
Let (R,m) be a local ring of equal characteristic p > 0 of dimension d. There is a natural
action of the Frobenius endomorphism of R on each of its local cohomology modules H i
m
(R).
We call an R-submodule N ofH i
m
(R) F -compatible if F maps N into itself. Our main interest
is to understand when a local ring (R,m) has the property that there are only finitely many
F -compatible submodules for each H i
m
(R), 0 ≤ i ≤ d. Rings with this property are called
FH-finite and have been studied in detail in [EH08]. It was proved in [EH08] that an F -pure
Gorenstein ring is FH-finite. This also follows from results in [Sha07]. Recently, it was
proved in [Ene12] that if an F -injective Cohen-Macaulay ring R admits a canonical ideal
I ∼= ωR such that R/I is F -pure, then R is FH-finite. We notice that all these hypothesis
imply R is F -pure. In fact, it was asked in [EH08] (and this was later conjectured in [Ene12]
for Cohen-Macaulay rings) whether the F -pure property itself is enough for FH-finiteness.
We provide a positive answer to this question. We actually prove a stronger result, which
says that F -pure will imply stably FH-finite, this means that R and all power series rings
over R are FH-finite. Our first main result is the following, proved in Section 3:
Theorem 1.1. Let (R,m) be an F -pure local ring. Then R and all power series rings over
R are FH-finite, that is, R is stably FH-finite.
We shall also study the problem of determining conditions under which the local cohomol-
ogy modules H i
m
(R) have finite length in the category of R-modules with Frobenius action.
In fact, rings with this property are said to have FH-finite length and have been studied in
[EH08]. Inspired by the theory of Cartier modules introduced by M. Blickle and G. Bo¨cklein
in [BB11] and the Γ-construction introduced by M. Hochster and C. Huneke in [HH94a], we
obtain our second and third main result, proved in Section 5:
Theorem 1.2. Let (R,m) be an excellent local ring such that RP is F -pure for every P ∈
SpecR − {m}. Then R has FH-finite length.
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Theorem 1.3. Let (R,m) be a local ring that has FH-finite length (resp. is FH-finite or
stably FH-finite). Then the same holds for RP for every P ∈ SpecR.
Throughout this paper we always assume (R,m) is a Noetherian local ring of equal char-
acteristic p > 0, except at the beginning of Section 3 and the end of Section 4, where the
hypothesis will be stated clearly. In Section 2 we start with some definitions and properties
of F -pure and F -split rings, and we recall some theorems on the FH-finiteness and anti-
nilpotency of H i
m
(R) proved in [EH08]. In Section 3 we prove Theorem 1.1. In Section 4 we
prove a key theorem, Theorem 4.6 which implies both Theorem 1.2 and Theorem 1.3 when
R is complete and F -finite and we also prove the dual form of Theorem 1.1 and Theorem 1.2
in terms of Cartier modules. In Section 5, we make use of the Γ-construction in [HH94a] to
prove Theorem 1.2 and Theorem 1.3 in full generality. Finally, in Section 6, we study some
examples. Some of our techniques are inspired by the work in [SW07].
2. FH-finiteness and anti-nilpotency
Recall that a map of R-modules N → N ′ is pure if for every R-module M the map
N ⊗RM → N
′⊗RM is injective. This implies that N → N
′ is injective, and is weaker than
the condition that 0→ N → N ′ be split. A local ring (R,m) is called F -pure (respectively,
F -split) if the Frobenius endomorphism F : R→ R is pure (respectively, split). Evidently, an
F -split ring is F -pure and an F -pure ring is reduced. When R is either F -finite or complete,
F -pure and F -split are equivalent (cf. Discussion 2.6 in [EH08]).
We will use some notations introduced in [EH08]. We say an R-module M is an R{F}-
module if there is a Frobenius action F : M → M such that for all u ∈ M , F (ru) = rpu.
This is same as saying that M is a left module over the ring R{F}, which may be viewed
as a noncommutative ring generated over R by the symbols 1, F, F 2, . . . by requiring that
Fr = rpF for r ∈ R. We say N is an F -compatible submodule of M if F (N) ⊆ N . Note that
this is equivalent to requiring that N be an R{F}-submodule ofM . We say an R{F}-module
M is F -nilpotent if F e(M) = 0 for some e.
The Frobenius endomorphism on R induces a natural Frobenius action on each local
cohomology module H i
m
(R) (see Discussion 2.2 and 2.4 in [EH08] for a detailed explanation
of this). We say a local ring is F -injective if F acts injectively on all of the local cohomology
modules of R with support in m. This holds if R is F -pure.
Definition 2.1 (cf. Definition 2.5 in [EH08]). A local ring (R,m) of dimension d is called
FH-finite if for all 0 ≤ i ≤ d, there are only finitely many F -compatible submodules of
H i
m
(R). We say (R,m) has FH-finite length if for each 0 ≤ i ≤ d, H i
m
(R) has finite length in
the category of R{F}-modules.
In [EH08], F. Enescu and M. Hochster also introduced the anti-nilpotency condition for
R{F}-modules, which turns out to be very useful and has close connections with the finite-
ness properties of local cohomology modules. In fact, it is proved in [EH08] that the anti-
nilpotency of H i
m
(R) for all i is equivalent to the condition that all power series rings over
R be FH-finite.
Definition 2.2. Let (R,m) be a local ring and let W be an R{F}-module. We say W is
anti-nilpotent if for every F -compatible submodule V ⊆W , F acts injectively on W/V .
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Theorem 2.3 (cf. Theorem 4.15 in [EH08]). Let (R,m) be a local ring and let x1, . . . , xn be
formal power series indeterminates over R. Let R0 = R and Rn = R[[x1, . . . , xn]]. Then the
following conditions on R are equivalent:
(1) All local cohomology modules H i
m
(R) are anti-nilpotent.
(2) The ring Rn is FH-finite for every n.
(3) R1 ∼= R[[x]] has FH-finite length.
When R satisfies these equivalent conditions, we call it stably FH-finite.
We will also need some results in [BB11] about Cartier modules. We recall some definitions
in [BB11]. The definitions and results in [BB11] work for schemes and sheaves, but we will
only give the corresponding definitions for local rings for simplicity (we will not use the
results on schemes and sheaves).
Definition 2.4. A Cartier module over R is an R-module equipped with a p−1 linear map
CM : M → M , that is an additive map satisfying C(r
px) = rC(x) for every r ∈ R and
x ∈M . A Cartier module (M,C) is called nilpotent if Ce(M) = 0 for some e.
Remark 2.5. (1) A Cartier module is nothing but a right module over the ring R{F}
(see [SY11] for corresponding properties of right R{F}-modules).
(2) If (M,C) is a Cartier module, then CP : MP →MP defined by
CP (
x
r
) =
C(rp−1x)
r
for every x ∈M and r ∈ R− P gives MP a Cartier module structure over RP .
We end this section with a simple lemma which will reduce most problems to the F -split
case (recall that for complete local rings, F -pure is equivalent to F -split).
Lemma 2.6. Let (R,m) be a local ring. Then R has FH-finite length (resp. is FH-finite or
stably FH-finite) if and only if R̂ has FH-finite length (resp. is FH-finite or stably FH-finite).
Proof. Since completion does not affect either what the local cohomology modules are nor
what the action of Frobenius is, the lemma follows immediately. 
3. F -pure implies stably FH-finite
In order to prove the main result, we begin with some simple Lemmas 3.1, 3.2, 3.3 and a
Proposition 3.4 which are characteristic free. In fact, in all these lemmas we only need to
assume I is a finitely generated ideal in a (possibly non-Noetherian) ring R so that the Cˇech
complex characterization of local cohomology can be applied (the proof will be the same).
However, we only state these results when R is Noetherian.
Lemma 3.1. Let R be a Noetherian ring, I be an ideal of R and M be any R-module. We
have a natural map:
M ⊗R H
i
I(R)
φ
−→ H iI(M)
Moreover, when M = S is an R-algebra, φ is S-linear.
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Proof. Given maps of R-modules L1
α
−→ L2
β
−→ L3 andM⊗RL1
id⊗α
−−−→ M⊗RL2
id⊗β
−−−→ M⊗RL3
such that β ◦ α = 0, there is a natural map:
M ⊗R
ker β
imα
→
ker(id⊗ β)
im(id⊗ α)
sending m ⊗ z to m⊗ z. Now the result follows immediately by the Cˇech complex charac-
terization of local cohomology. 
Lemma 3.2. Let R be a Noetherian ring, S be an R-algebra, and I be an ideal of R. We
have a commutative diagram:
S ⊗R H
i
I(R)
φ

H iI(R)
j2
88
q
q
q
q
q
q
q
q
q
q
j1
// H iIS(S)
where j1, j2 are the natural maps induced by R→ S, in particular j2 sends z to 1⊗ z.
Proof. This is straightforward to check. 
Lemma 3.3. Let R be a Noetherian ring and S be an R-algebra such that the inclusion ι:
R →֒ S splits. Let γ be the splitting S → R. Then we have a commutative diagram:
S ⊗R H
i
I(R)
q2
xxqq
q
q
q
q
q
q
q
q
φ

H iI(R) H
i
IS(S)
q1
oo
where q1, q2 are induced by γ, in particular q2 sends s⊗ z to γ(s)z.
Proof. We may identify S with R ⊕W and R →֒ S with R →֒ R ⊕W which sends r to
(r, 0), and S → R with R ⊕W → R which sends (r, w) to r (we may take W to be the
R-submodule of S generated by s− ι ◦ γ(s)). Under this identification, we have:
S ⊗R H
i
I(R) = H
i
I(R)⊕W ⊗R H
i
I(R)
H iIS(S) = H
i
I(R)⊕H
i
I(W )
and q1, q2 are just the projections onto the first factors. Now the conclusion is clear because
by Lemma 3.1, φ: S ⊗R H
i
I(R)→ H
i
IS(S) is the identity on H
i
I(R) and sends W ⊗R H
i
I(R)
to H iI(W ). 
Proposition 3.4. Let R be a Noetherian ring and S be an R-algebra such that R →֒ S
splits. Let y be an element in H iI(R) and N be a submodule of H
i
I(R). If the image of y is
in the S-span of the image of N in H iIS(S), then y ∈ N .
Proof. We know there are two commutative diagrams as in Lemma 3.2 and 3.3 (note that
here j1 and j2 are inclusions since R →֒ S splits). We use γ to denote the splitting S → R.
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The condition says that j1(y) =
∑
sk · j1(nk) for some sk ∈ S and nk ∈ N . Applying q1 we
get:
y = q1 ◦ j1(y)
=
∑
q1(sk · j1(nk))
=
∑
q1(sk · φ ◦ j2(nk))
=
∑
q1 ◦ φ(sk · j2(nk))
=
∑
q2(sk ⊗ nk)
=
∑
γ(sk) · nk ∈ N
where the first equality is by definition of q1, the third equality is by Lemma 3.2, the fourth
equality is because φ is S-linear, the fifth equality is by Lemma 3.3 and the definition of j2
and the last equality is by the definition of q2. This finishes the proof. 
Now we return to the situation in which we are interested. We assume (R,m) is a Noe-
therian local ring of equal characteristic p > 0. We first prove an immediate corollary of
Proposition 3.4, which explains how FH-finite and stably FH-finite properties behave under
split maps.
Corollary 3.5. Suppose (R,m) →֒ (S, n) is split and mS is primary to n. Then if S is
FH-finite (respectively, stably FH-finite), so is R.
Proof. First notice that, when R →֒ S is split, so is R[[x1, . . . , xn]] →֒ S[[x1, . . . , xn]]. So it
suffices to prove the statement for FH-finite. Since mS is primary to n, for every i, we have
a natural commutative diagram:
H i
m
(R)
F

// H i
n
(S)
F

H i
m
(R) // H i
n
(S)
where the horizontal maps are induced by the inclusion R →֒ S, and the vertical maps are
the Frobenius action. It is straightforward to check that if N is an F -compatible submodule
of H i
m
(R), then the S-span of N is also an F -compatible submodule of H i
n
(S).
If N1 and N2 are two different F -compatible submodules of H
i
m
(R), then their S-span in
H i
n
(S) must be different by Proposition 3.4. But since S is FH-finite, each H i
n
(S) only has
finitely many F -compatible submodules. Hence so is H i
m
(R). This finishes the proof. 
Now we start proving our main result. First we prove a lemma:
Lemma 3.6. Let W be an R{F}-module. Then W is anti-nilpotent if and only if for every
y ∈ W , y ∈ spanR〈F (y), F
2(y), F 3(y), . . . . . . 〉 .
Proof. SupposeW is anti-nilpotent. For each y ∈ W , V := spanR〈F (y), F
2(y), F 3(y), . . . . . . 〉
is an F -compatible submodule of W . Hence, F acts injectively on W/V by anti-nilpotency
of W . But clearly F (y) = 0 in W/V , so y = 0, so y ∈ V .
For the other direction, suppose there exists some F -compatible submodule V ⊆W such
that F does not act injectively onW/V . We can pick some y /∈ V such that F (y) ∈ V . Since
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V is an F -compatible submodule and F (y) ∈ V , spanR〈F (y), F
2(y), F 3(y), . . . . . . 〉 ⊆ V . So
y ∈ spanR〈F (y), F
2(y), F 3(y), . . . . . . 〉 ⊆ V which is a contradiction. 
Theorem 3.7. Let (R,m) be a local ring which is F -split. Then H i
m
(R) is anti-nilpotent for
every i.
Proof. By Lemma 3.6, it suffices to show for every y ∈ H i
m
(R), we have
y ∈ spanR〈F (y), F
2(y), F 3(y), . . . . . . 〉.
Let Nj = spanR〈F
j(y), F j+1(y) . . . . . . 〉, consider the descending chain:
N0 ⊇ N1 ⊇ N2 ⊇ · · · · · · ⊇ Nj ⊇ · · · · · ·
Since H im(R) is Artinian, this chain stabilizes, so there exists a smallest e such that Ne =
Ne+1. If e = 0 we are done. Otherwise we have F
e−1(y) /∈ Ne. Since R is F -split, we apply
Proposition 3.4 to the Frobenius map R
r→rp
−−−→ R = S (and I = m). In order to make things
clear we use S to denote the target R, but we keep in mind that S = R.
From Proposition 3.4 we know that the image of F e−1(y) is not contained in the S-span
of the image of Ne under the map H
i
m
(R)→ H i
mS(S)
∼= H i
m
(R). But this map is exactly the
Frobenius map on H i
m
(R), so the image of F e−1(y) is F e(y), and after identifying S with
R, the S-span of the image of Ne is the R-span of F
e+1(y), F e+2(y), F e+3(y), . . . . . . which is
Ne+1. So F
e(y) /∈ Ne+1, which contradicts our choice of e. 
Theorem 3.8. Let (R,m) be an F -pure local ring. Then R and all power series rings over
R are FH-finite (i.e. R is stably FH-finite).
Proof. By Lemma 2.6, we may assume R is F -split. Now the result is clear from Theorem
3.7 and Theorem 2.3. 
4. FH-finite length and stable FH-finiteness in the complete F -finite case
In this section, we show for a complete and F -finite local ring (R,m), the condition that
RP be stably FH-finite for all P ∈ SpecR − {m} is equivalent to the condition that R have
FH-finite length. First we recall the following important theorem of Lyubeznik:
Theorem 4.1 (cf. Theorem 4.7 in [Lyu97] or Theorem 4.7 in [EH08]). Let W be an R{F}-
module which is Artinian as an R-module. Then W has a finite filtration
(4.1.1) 0 = L0 ⊆ N0 ⊆ L1 ⊆ N1 ⊆ · · · ⊆ Ls ⊆ Ns = W
by Frobenius compatible submodules of W such that every Nj/Lj is F -nilpotent, while every
Lj/Nj−1 is simple in the category of R{F}-modules, with a nonzero Frobenius action. The
integer s and the isomorphism classes of the modules Lj/Nj−1 are invariants of W .
The following proposition in [EH08] characterizes being anti-nilpotent and having finite
length in the category of R{F}-modules in terms of Lyubeznik’s filtration:
Proposition 4.2 (cf. Proposition 4.8 in [EH08]). Let the notations and hypothesis be as in
Theorem 4.1. Then:
(1) W has finite length as an R{F}-module if and only if each of the factors Nj/Lj has
finite length in the category of R-modules.
(2) W is anti-nilpotent if and only if in some (equivalently, every) filtration, the nilpotent
factors Nj/Lj = 0 for every j.
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Remark 4.3. It is worth pointing out that an Artinian R-module W is Noetherian over
R{F} if and only if in some (equivalently, every) filtration as in Theorem 4.1, each of the
factors Nj/Lj is Noetherian as an R-module (same proof as Proposition 4.8 in [EH08]). So
W is Noetherian over R{F} if and only if it has finite length as an R{F}-module. Hence
R has FH-finite length if and only if all local cohomology modules H i
m
(R) are Noetherian
R{F}-modules.
We also need the following important theorem in [BB11] which relates R{F}-modules and
Cartier modules. This result was also proved independently by R. Y. Sharp and Y. Yoshino
in [SY11] in the language of left and right R{F}-modules.
Theorem 4.4 (cf. Proposition 5.2 in [BB11] or Corollary 1.21 in [SY11]). Let (R,m) be
complete, local and F -finite. Then Matlis duality induces an equivalence of categories between
R{F}-modules which are Artinian as R-modules and Cartier modules which are Noetherian
as R-modules. The equivalence preserves nilpotence.
Now we start proving the main theorem of this section. We will use ∨ to denote the
Matlis dual with respect to m and ∨P to denote the Matlis dual with respect to PRP . It
follows directly from local duality that for (R,m) a complete local ring, (H i
m
(R)∨)∨PP
∼=
H
i−dimR/P
PRP
(RP ). We begin by proving a lemma on Cartier modules.
Lemma 4.5. We have the following:
(1) If M is a nilpotent Cartier module over R, then MP is a nilpotent Cartier module
over RP
(2) If (M,C) is a simple Cartier module over R with a nontrivial C-action, then (MP , CP )
is a simple Cartier module over RP , and if MP 6= 0, then the CP -action is also non-
trivial.
Proof. (1) is obvious, because if Ce kills M , then CeP kills MP . Now we prove (2). Let N
be a Cartier RP submodule of MP . Consider the contraction of N in M , call it N
′. Then
it is easy to check that N ′ is a Cartier R-submodule of M . So it is either 0 or M because
M is simple. But if N ′ = 0 then N = 0 and if N ′ = M then N = MP because N is an
RP -submodule of MP . This proves MP is simple as a Cartier module over RP . To see the
last assertion, notice that if M is a simple Cartier module with a nontrivial C-action, then
C: M → M must be surjective: otherwise the image would be a proper Cartier submodule.
Hence CP : MP → MP is also surjective. But we assume MP 6= 0, so CP is a nontrivial
action. 
Theorem 4.6. Let (R,m) be a complete and F -finite local ring. Then the following condi-
tions are equivalent:
(1) RP is stably FH-finite for every P ∈ SpecR − {m}.
(2) R has FH-finite length.
Proof. By Theorem 4.1, for every H i
m
(R), 0 ≤ i ≤ d, we have a filtration
(4.6.1) 0 = L0 ⊆ N0 ⊆ L1 ⊆ N1 ⊆ · · · ⊆ Ls ⊆ Ns = H
i
m
(R)
of R{F}-modules such that every Nj/Lj is F -nilpotent while every Lj/Nj−1 is simple in the
category of R{F}-modules, with nontrivial F -action. Now we take the Matlis dual of the
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above filtration (4.6.1), we have
H i
m
(R)∨ = N∨s ։ L
∨
s ։ · · ·։ N
∨
0 ։ L
∨
0 = 0
such that each ker(L∨j ։ N
∨
j−1) is Noetherian as an R-module and is simple as a Cartier
module with nontrivial C-action, and each ker(N∨j ։ L
∨
j ) is Noetherian as an R-module and
is nilpotent as a Cartier module by Lemma 4.4. When we localize at P 6= m, we get
(H i
m
(R)∨)P = (N
∨
s )P ։ (L
∨
s )P ։ · · ·։ (N
∨
0 )P ։ (L
∨
0 )P = 0
with each ker((L∨j )P ։ (N
∨
j−1)P ) a simple Cartier module over RP whose CP action is
nontrivial if it is nonzero, and each ker((N∨j )P ։ (L
∨
j )P ) a nilpotent Cartier module over
RP by Lemma 4.5. Now, when we take the Matlis dual over RP , we get a filtration of
RP{F}-modules
(4.6.2) 0 = L′0 ⊆ N
′
0 ⊆ L
′
1 ⊆ · · · ⊆ L
′
s ⊆ N
′
s = H
i−dimR/P
PRP
(RP )
where L′j = (L
∨
j )
∨P
P , N
′
j = (N
∨
j )
∨P
P , N
′
j/L
′
j is F -nilpotent and each L
′
j/N
′
j−1 is either 0 or
simple as an RP{F}-module with nontrivial F -action by Lemma 4.4 again. And we notice
that
N ′j/L
′
j = 0, ∀P ∈ SpecR− {m}
⇔ (N∨j )
∨P
P /(L
∨
j )
∨P
P = 0, ∀P ∈ SpecR− {m}
⇔ ker((N∨j )P ։ (L
∨
j )P ) = 0, ∀P ∈ SpecR− {m}
⇔ lR(ker(N
∨
j ։ L
∨
j )) <∞
⇔ lR(Nj/Lj) <∞
RP is stably FH-finite for every P ∈ SpecR − {m} if and only if H
i−dimR/P
PRP
(RP ) is anti-
nilpotent for every 0 ≤ i ≤ d and every P ∈ SpecR−{m}. This is because when 0 ≤ i ≤ d,
i−dimR/P can take all values between 0 and dimRP , and if i−dimR/P is out of this range,
then the local cohomology is 0 so it is automatically anti-nilpotent. By Proposition 4.2 (2),
this is equivalent to the condition that for every P ∈ SpecR−{m}, the corresponding N ′j/L
′
j
is 0. By the above chain of equivalence relations, this is equivalent to the condition that
each Nj/Lj have finite length as an R-module. By Proposition 4.2 (1), this is equivalent to
the condition that R have FH-finite length. 
Corollary 4.7. Let (R,m) be a complete and F -finite local ring. If RP is F -pure for every
P 6= m, then R has FH-finite length.
Proof. This is clear from Theorem 3.8 and Theorem 4.6. 
We end this section by proving the dual result of Theorem 3.8 and Corollary 4.7 for Cartier
modules. Our result holds for a large class of F -finite rings (not necessarily local). So from
now on till the end of this section, we only require that R be an F -finite Noetherian ring of
equal characteristic p > 0.
We first recall an important result in [BB11] on Cartier modules. This can be viewed as
the dual form of Theorem 4.1 in the local F -finite case. However, we emphasize here that
this result holds for all F -finite rings (not necessarily local).
8
Theorem 4.8 (cf. Proposition 4.23 in [BB11]). Let M be a Cartier module which is Noe-
therian over an F -finite ring R. Then there exists a finite sequence
(4.8.1) M = M0 ⊇M0 ⊇M1 ⊇ M1 ⊇ · · · ⊇Ms ⊇Ms = 0
such that each Mi/Mi is nilpotent and each Mi/Mi+1 is simple with a non-trivial C-action.
Remark 4.9. When M is a Cartier module which is Noetherian over an F -finite local ring R,
it is straightforward to check (or using Theorem 4.4) that the Matlis dual of the sequence
(4.8.1) gives a filtration of M∨ by R{F}-modules as (4.1.1) in Theorem 4.1 (basically, Ni =
ker(M∨0 → Mi
∨) and Li = ker(M
∨
0 → M
∨
i )). Moreover, it is easy to see that (Mi/Mi)
∨
corresponds to Ni/Li.
For any F -finite ring R, by results of Gabber [Gab04], there exists a (normalized) dualizing
complex ω•R of R (we refer to [Har66] for a detailed definition of the normalized dualizing
complex). We define the canonical module ωR to be h
−dω•R where d = dimR. When R is
Cohen-Macaulay, ωR is the only non-trivial cohomology of ω
•
R. And when (R,m) is F -finite
and local, this is the usual definition of canonical module (i.e., a finitely generated module
whose Matlis dual is Hd
m
(R)).
Applying the results in [Har66] to the Frobenius map F : R → R, we know that there
exists a canonical trace map F∗F
!ω•R → ω
•
R where F∗ denotes the Frobenius pushforward
and F !ω•R = RHomR(F∗R, ω
•
R) (see also section 2.4 in [BB11]). In particular, we see that
if F !ω•R
∼= ω•R, then there exists a canonical Cartier module structure on ωR, and when we
localize at any prime P ∈ SpecR, this Cartier module structure is the dual of the canonical
RP{F}-module structure of H
htP
PRP
(RP ).
Remark 4.10. To the best of our knowledge, it is still unknown whether F !ω•R
∼= ω•R is true
for all F -finite rings. It is always true that F !ω•R is a dualizing complex of R (see [Har66]), so
in our case F !ω•R differs from ω
•
R by tensoring a rank 1 projective module. However, in many
cases we do have F !ω•R
∼= ω•R. In [BB11], it is proved that for an F -finite ring R, F
!ω•R
∼= ω•R
holds if either R is essentially of finite type over a Gorenstein local ring or R is sufficiently
affine. We refer to Proposition 2.20 and Proposition 2.21 in [BB11] as well as [Har66] for
more details on this question.
Theorem 4.11. Let R be an F -finite ring of dimension d. Let ω•R be the normalized dualizing
complex of R and ωR ∼= h
−dω•R be the canonical module of R. Suppose F
!ω•R
∼= ω•R (for
example if R is essentially of finite type over an F -finite field), then we have the following:
(1) If R is F -pure, then ωR only has finitely many Cartier submodules.
(2) If RP is F -pure for every non-maximal prime P , then ωR has finite length in the
category of Cartier modules.
Proof. By the discussion above, there exists a canonical Cartier module structure on ωR. So
by Theorem 4.8, we have a finite sequence of Cartier modules:
(4.11.1) ωR = M0 ⊇ M0 ⊇M1 ⊇M1 ⊇ · · · ⊇ Ms ⊇ Ms = 0.
For every maximal ideal m ∈ SpecR, the above sequence localizes to give a corresponding
sequence of Cartier modules over Rm:
(4.11.2) ωRm = (M0)m ⊇ (M0)m ⊇ (M1)m ⊇ (M1)m ⊇ · · · ⊇ (Ms)m ⊇ (Ms)m = 0.
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If R is F -pure, then we claim that in (4.11.1), Mi/Mi = 0 for every i. If not, pick
m ∈ SpecR such that (Mi/Mi)m 6= 0. We look at the corresponding sequence of Cartier
modules in (4.11.2). Since Rm is local, by Remark 4.9, the Matlis dual of this sequence gives
a filtration of ω∨mRm of Rm{F}-modules which corresponds to the filtration (4.1.1) in Theorem
4.1. In particular, we know that ω∨mRm
∼= Hd
m
(Rm) has a filtration as in Theorem 4.1 with
some Ni/Li 6= 0. This shows that H
d
m
(Rm) is not anti-nilpotent by Proposition 4.2. But this
contradicts the condition that Rm be F -split by Theorem 3.7 (note that here F -pure is the
same as F -split since Rm is F -finite). A very similar argument shows that if RP is F -pure
for every non-maximal prime P ∈ SpecR, then Mi/Mi is supported only at the maximal
ideals of R for every i, in particular, each Mi/Mi has finite length as an R-module. Combine
with (4.11.1), we already proved (2).
For (1), notice that Mi/Mi = 0 for every i implies that ωR has a Cartier module filtration
such that each successive quotient is a simple Cartier module with non-trivial (in particular,
surjective) C-action. It follows that every Cartier submodule N of ωR satisfies C(N) =
N . Now it follows from Corollary 4.20 in [BB11] that ωR only has finitely many Cartier
submodules.

5. F-purity on the punctured spectrum implies FH-finite length for
excellent local rings
In this section we prove that for excellent local rings, F -purity on the punctured spectrum
implies FH-finite length. In fact, if we assume R is complete and F -finite, this is exactly
Corollary 4.7. Our main point is to make use of the Γ-construction introduced in [HH94a]
to prove the general case. We also prove that the properties such as having FH-finite length,
being FH-finite, and being stably FH-finite localize. We start with a brief review on the
Γ-construction. We refer to [HH94a] for details.
Let K be a field of positive characteristic p > 0 with a p-base Λ. Let Γ be a fixed cofinite
subset of Λ. For e ∈ N we denote by KΓ,e the purely inseparable field extension of K that
is the result of adjoining pe-th roots of all elements in Γ to K.
Now suppose that (R,m) is a complete local ring with K ⊆ R a coefficient field. Let
x1, . . . , xd be a system of parameters forR, so thatR is module-finite over A = K[[x1, . . . , xd]] ⊆
R. Let AΓ denote ⋃
e∈N
KΓ,e[[x1, . . . , xd]],
which is a regular local ring that is faithfully flat and purely inseparable over A. The maximal
ideal of A expands to that of AΓ. Let RΓ denote AΓ ⊗A R, which is module-finite over the
regular ring AΓ and is faithfully flat and purely inseparable over R. The maximal ideal of
R expands to the maximal ideal of RΓ. The residue field of RΓ is KΓ =
⋃
e∈NK
Γ,e. It is of
great importance that RΓ is F -finite. Moreover, we can preserve some good properties of R
if we choose a sufficiently small cofinite subset Γ:
Lemma 5.1 (cf. Lemma 6.13 in [HH94a]). Let R be a complete local ring. If P is a prime
ideal of R then there exists a cofinite set Γ0 ⊆ Λ such that Q = PR
Γ is a prime ideal in RΓ
for all Γ ⊆ Γ0.
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Lemma 5.2 (cf. Lemma 2.9 and Lemma 4.3 in [EH08]). Let R be a complete local ring. Let
W be an R{F}-module that is Artinian as an R-module such that the F -action is injective.
Then for any sufficiently small choice of Γ cofinite in Λ, the action of F on RΓ⊗RW is also
injective. Moreover, if RΓ is FH-finite (resp. has FH-finite length), then so is R.
Now we start proving our main theorems. We first show that F -purity is preserved under
nice base change. This is certainly well-known to experts. We refer to [Has10] and [SZ12]
for some (even harder) results on base change problems. Since in most of these references
the results are only stated for F -finite rings, we provide a proof which works for all excellent
rings. In fact, the proof follows from essentially the same argument as in the proof of
Theorem 7.24 in [HH94a]. First we recall the notion of Frobenius closure: for any ideal
I ⊆ R, IF = {x ∈ R|xp
e
∈ I [p
e] for some e}. If R is F -pure, then every ideal is Frobenius
closed. We will see that under mild conditions on the ring, the converse also holds.
We also need the notion of approximately Gorenstein ring introduced in [Hoc77]: (R,m)
is approximately Gorenstein if there exists a decreasing sequence of m-primary ideals {It}
such that every R/It is a Gorenstein ring and the {It} are cofinal with the powers of m.
That is, for every N > 0, It ⊆ m
N for all t ≫ 1. We will call such a sequence of ideals an
approximating sequence of ideals. Note that for an m-primary ideal I, R/I is Gorenstein if
and only if I is an irreducible ideal, i.e. it is not the intersection of two strictly larger ideals.
Every reduced excellent local ring is approximately Gorenstein (see [Hoc77]).
Lemma 5.3. Let (R,m) be an excellent local ring. Then R is F -pure if and only if there
exists an approximating sequence of ideals {It} such that I
F
t = It.
Proof. If (R,m) is excellent and F -pure then R is reduced, hence approximately Gorenstein.
So there exists an approximating sequence of ideals {It}. I
F
t = It follows because R is
F -pure. For the other direction, we use R(1) to denote the target ring under the Frobenius
endomorphism R → R(1) and we want to show R → R(1) is pure. It suffices to show that
ER →֒ R
(1) ⊗R ER is injective where ER denotes the injective hull of the residue field of R.
But it is easy to check that ER = lim−→
t
R
It
. Hence ER →֒ R
(1)⊗RER is injective if
R
It
→֒
R(1)
ItR(1)
is injective for all t. But this is true because IFt = It. 
Proposition 5.4. Let (R,m) → (S, n) be a faithfully flat extension of excellent local rings
such that the closed fibre S/mS is Gorenstein and F -pure. If R is F -pure, then S is F -pure.
Proof. Let {Ik} be an approximating sequence of ideals in R. Let x1, . . . , xn be elements in
S such that their image form a system of parameters in S/mS. Since S/mS is Gorenstein,
(xt1, . . . , x
t
n) is an approximating sequence of ideals in S/mS. So that Ik + (x
t
1, . . . , x
t
n) is an
approximating sequence of ideals in S (see the proof of Theorem 7.24 in [HH94a]).
To show that S is F -pure, it suffices to show every Ik + (x
t
1, . . . , x
t
n) is Frobenius closed
by Lemma 5.3. Therefore we reduce to showing that if I is an irreducible ideal primary to
m in R and x1, . . . , xn are elements in S such that their image form a system of parameters
in S/mS, then (IS + (x1, . . . , xn))
F = IS + (x1, . . . , xn) in S.
Let v and w be socle representatives of R/I and (S/mS)/(x1, . . . , xn)(S/mS) respectively.
It suffices to show vw /∈ (IS + (x1, . . . , xn))
F . Suppose we have
vqwq ∈ I [q]S + (xq1, . . . , x
q
n).
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Taking their image in S/(xq1, . . . , x
q
n), we have
vqwq ∈ I [q]S,
therefore
wq ∈ (I [q]S : vq) = (I [q] : vq)(S/(xq1, . . . , x
q
n)S)
where the second equality is because S/(xq1, . . . , x
q
n)S is faithfully flat over R. So we have
wq ∈ (I [q] : vq)S + (xq1, . . . , x
q
n).
Since R is F -pure, (I [q] : vq) ∈ m. So after taking image in S/mS, we get that
wq ∈ (xq1, . . . , x
q
n)(S/mS).
Hence w ∈ (xq1, . . . , x
q
n)
F in S/mS, this contradict to the condition that S/mS be F -pure. 
Next we want to show the openness of F -pure locus when R is F -finite, where the F -pure
locus is defined as the set {P ∈ SpecR|RP is F -pure }.
Lemma 5.5. Let (R,m) be an F -finite local ring. Then the F -pure locus is open in SpecR
in the Zariski topology.
Proof. We will use R(1) to denote the target ring under the Frobenius endomorphism R →
R(1). Since R is F -finite, R(1) is finitely generated as an R-module.
It suffice to show that if RP is F -pure, then there exists x /∈ P such that Rx is F -pure.
Since R is F -finite, so is RP . Therefore RP is F -split. That is, the map RP →֒ R
(1)
P splits as
R-modules. This implies that the map
HomRP (R
(1)
P , RP )→ HomRP (RP , RP )
is surjective. Since R(1) is finitely generated as anR-module, HomRP (R
(1)
P , RP )
∼= HomR(R
(1), R)P .
So we know that
HomR(R
(1), R)P → HomR(R,R)P
is surjective. Hence we may pick x /∈ P such that
HomR(R
(1), R)x → HomR(R,R)x
is surjective. This proves that Rx is F -split, hence F -pure. 
Now we show that F -purity on the punctured spectrum is preserved under the Γ-construction
when we pick Γ sufficiently small and cofinite in Λ.
Proposition 5.6. Let (R,m) be a complete local ring such that RP is F -pure on the punc-
tured spectrum SpecR − {m}. Then for any sufficiently small choice of Γ cofinite in Λ, RΓ
is F -pure on the punctured spectrum SpecRΓ − {mRΓ}.
Proof. Because RΓ is purely inseparable over R, for all P ∈ SpecR there is a unique prime
ideal P Γ ∈ SpecRΓ lying over P . In particular, SpecRΓ ∼= SpecR. Since RΓ is F -finite,
we know the F -pure locus of each RΓ, call it XΓ, is open in SpecR
Γ = SpecR by Lemma
5.5. Since open sets in SpecR satisfy ACC, we know that there exists Γ such that XΓ is
maximal. We will show that XΓ ⊇ SpecR − {m}. This will prove R
Γ is F -pure on the
punctured spectrum SpecRΓ − {mRΓ}.
Suppose there exists Q 6= m such that Q /∈ XΓ. We may pick Γ
′ ⊆ Γ sufficiently small and
cofinite in Λ such that QRΓ
′
is prime (that is, QRΓ
′
= QΓ
′
) by Lemma 5.1. So RQ → R
Γ′
QΓ′
is
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faithfully flat whose closed fibre is a field. By Proposition 5.4, RΓ
′
QΓ′
is F -pure. Since Γ′ ⊆ Γ,
RΓ
′
→ RΓ is faithfully flat so RΓ
′
PΓ′
→ RΓPΓ is faithfully flat for each P ∈ SpecR. Now for
P ∈ XΓ, R
Γ
PΓ is F -pure, hence so is R
Γ′
PΓ′
. So XΓ′ ⊇ XΓ∪{Q}, which is a contradiction since
we assume that XΓ is maximal. 
Theorem 5.7. Let (R,m) be an excellent local ring such that RP is F -pure for every P ∈
SpecR − {m}. Then R has FH-finite length.
Proof. We look at the chain of faithfully flat ring extensions:
R→ R̂→ R̂Γ →
̂̂
RΓ.
Since R is excellent, for every Q0 ∈ Spec R̂ − {mR̂} lying over P in R, RP → R̂Q0 has
geometrically regular fibres, so R̂Q0 is F -pure by Proposition 5.4. Hence R̂ is F -pure on the
punctured spectrum. So by Proposition 5.6, we can pick Γ sufficiently small and cofinite in
Λ such that R̂Γ is F -pure on the punctured spectrum.
For every Q ∈ Spec
̂̂
RΓ−{m
̂̂
RΓ}, let Q1 6= mR̂
Γ be the contraction of Q to R̂Γ. Since R̂ΓQ1
is F -finite, it is excellent by [Kun76]. So the closed fibre of R̂ΓQ1 →
̂̂
RΓQ is geometrically
regular. So
̂̂
RΓQ is F -pure by Proposition 5.4.
It follows that, for sufficiently small choice of Γ cofinite in Λ,
̂̂
RΓQ is F -pure for every
Q ∈ Spec
̂̂
RΓ − {m
̂̂
RΓ}. Now by Theorem 3.8 applied to
̂̂
RΓQ and Theorem 4.6 applied tô̂
RΓ, we know
̂̂
RΓ has FH-finite length. Hence so does R by Lemma 2.6 and Lemma 5.2. 
Lemma 5.8. Let R be a complete local ring. LetW be a simple R{F}-module that is Artinian
over R with nontrivial F -action. Then for any sufficiently small choice of Γ cofinite in Λ,
W ⊗R R
Γ is a simple RΓ{F}-module with nontrivial F -action.
Proof. By Lemma 5.2, we may pick Γ sufficiently small and cofinite in Λ such that F acts
injectively on W ⊗R R
Γ. I claim such a W ⊗R R
Γ must be a simple RΓ{F}-module. If not,
then by Theorem 4.1, we have 0 $ L $W⊗RRΓ where L is simple with nontrivial Frobenius
action. Now we pick 0 6= x ∈ L. Because RΓ is purely inseparable over R, there exists e such
that 0 6= F e(x) ∈ W . Hence L∩W 6= 0. But it is straightforward to check that L∩W is an
R{F}-submodule of W . So L∩W = W since W is simple. Hence L ⊇W ⊗R R
Γ which is a
contradiction. 
Proposition 5.9. Let (R,m) be a complete local ring. Then
(1) If R has FH-finite length , then so does RΓ for Γ sufficiently small and cofinite in Λ.
(2) If R is stably FH-finite, then so is RΓ for Γ sufficiently small and cofinite in Λ.
Proof. By Theorem 4.1, for every 0 ≤ i ≤ d = dimR, we have a filtration of R{F}-modules
0 = L0 ⊆ N0 ⊆ L1 ⊆ N1 ⊆ · · · ⊆ Ls ⊆ Ns = H
i
m
(R)
with each Nj/Lj F -nilpotent and Lj/Lj−1 simple as an R{F}-module with nonzero F -
action. By Lemma 5.8, we can pick Γ sufficiently small and cofinite in Λ such that, for all i,
all Lj/Lj−1 ⊗R R
Γ are simple with nonzero F -action. Hence
0 = LΓ0 ⊆ N
Γ
0 ⊆ L
Γ
1 ⊆ N
Γ
1 ⊆ · · · ⊆ L
Γ
s ⊆ N
Γ
s = H
i
m
(RΓ)
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where LΓj = Lj ⊗R R
Γ and NΓj = Nj ⊗R R
Γ is a corresponding filtration of H i
m
(RΓ). Now
both (1) and (2) are clear from Proposition 4.2. 
Theorem 5.10. Let (R,m) be a local ring that has FH-finite length (resp. is FH-finite or
stably FH-finite). Then the same holds for RP for every P ∈ SpecR.
Proof. It suffices to show that if (R,m) has FH-finite length, then RP is stably FH-finite
for every P 6= m. We first notice that R̂ has FH-finite length by Lemma 2.6. We pick Γ
sufficiently small and cofinite in Λ such that R̂Γ still has FH-finite length by Proposition 5.9.
Now we complete again, and we get that B =
̂̂
RΓ is an F -finite complete local ring that has
FH-finite length by Lemma 2.6, and the maximal ideal in B is mB. Notice that R → B is
faithfully flat, hence for every P 6= m, we may pick Q ∈ SpecB−{mB} such that RP → BQ
is faithfully flat (in particular, pure) and PBQ is primary to QBQ. So R̂P → B̂Q is split. By
Theorem 4.6 applied to B, BQ is stably FH-finite. Hence so is B̂Q by Lemma 2.6. Now we
apply Corollary 3.5, we see that R̂P is stably FH-finite. Hence so is RP by Lemma 2.6. 
6. some examples
Since stably FH-finite trivially implies F -injective, it is quite natural to ask whether FH-
finite implies F -injective. The following example studied in [EH08] shows this does not hold
in general.
Example 6.1 (cf. Example 2.15 in [EH08]). Let R = K[[x, y, z]]/(x3 + y3 + z3) where K
is a field of characteristic different from 3. This is a Gorenstein ring of dimension 2. And
it can be checked that the only nontrivial F -compatible submodule in H2
m
(R) is its socle, a
copy of K. Hence R is FH-finite. But it is known that R is F -pure (equivalently, F -injective
since R is Gorenstein) if and only if the characteristic of K is congruent to 1 mod 3. Hence
if the characteristic is congruent to 2 mod 3, we get an example of FH-finite ring which is
not F -injective.
Another natural question to ask is whether the converse of Theorem 3.8 is true. The next
example will show this is also false in general. We recall a theorem in [Smi97]:
Theorem 6.2 (cf. Theorem 2.6 in [Smi97] or Proposition 2.12 in [EH08]). Let (R,m) be
an excellent Cohen-Macaulay local ring of dimension d. Then R is F -rational if and only if
Hd
m
(R) is a simple R{F}-module.
Corollary 6.3. Let (R,m) be an excellent F -rational local ring of dimension d. Then R is
stably FH-finite.
Proof. This follows immediately from Theorem 6.2 and Theorem 2.3 because when Hd
m
(R)
is a simple R{F}-module, it is obviously anti-nilpotent. 
Example 6.4 (cf. Example 7.15 in [HH94b]). LetR = K[t, xt4, x−1t4, (x+1)−1t4]m ⊆ K(x, t)
where m = (t, xt4, x−1t4, (x + 1)−1t4). Then R is F -rational but not F -pure. Hence by our
Corollary 6.3, R is a stably FH-finite Cohen-Macaulay ring that is not F -pure.
Also note that even when R is Cohen-Macaulay and F -injective, it is not always FH-finite,
and does not even always have FH-finite length. We have the following example:
14
Example 6.5 (cf. Example 2.16 in [EH08]). Let k be an infinite perfect field of characteristic
p > 2, K = k(u, v), where u and v are indeterminates, and let L = K[y]/(y2p + uyp − v).
Let R = K + xL[[x]] ⊆ L[[x]]. Then R is a complete F -injective Cohen-Macaulay domain
of dimension 1 which is not FH-finite. Notice that by Theorem 2.3, R[[x]] is an F -injective
Cohen-Macaulay domain of dimension 2 that does not have FH-finite length (this was not
pointed out in [EH08]).
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